Journal of Statistical Physics, Vol. 100, Nos. 5/6, 2000

LRO in Lattice Systems of Linear Classical and
Quantum Oscillators. Strong Nearest-Neighbor
Pair Quadratic Interaction
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For systems of one-component interacting oscillators on the d-dimensional
lattice, d> 1, whose potential energy besides a large nearest-neighbour (n-n)
ferromagnetic translation-invariant quadratic term contains small non-nearest-
neighbour translation invariant term, an existence of a ferromagnetic long-range
order for two valued lattice spins, equal to a sign of oscillator variables, is estab-
lished for sufficiently large magnitude g of the n-n interaction with the help of
the Peierls type contour bound. The Ruelle superstability bound is used for a
derivation of the contour bound.

KEY WORDS: Ferromagnetic long-range order; Peierls argument; rescaling;
Ruelle superstability bound.

1. INTRODUCTION AND MAIN RESULT

Let’s consider the system of one-dimensional oscillators on the d-dimen-
sional lattice Z¢ with the potential energy (on a set 4 with the finite
cardinality |A4])

Ulgq =Y (u(q,)—2dgq?)+ g Y (9:—q,)>+U'(q4), g=>1

xed Ix—yl=1,x,yea (11)

Here ¢, the oscillator coordinate taking value in R, ¢,=(g,, xe X), the
one-particle potential (external field) u is a bounded below even polynomial
having a degree degu=2n, U’ is an even translation invariant function
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such that U satisfies the superstability and regularity conditions, |x| is the
Euclidean norm of the integer valued vector x, d > 1. Primes in letters used
in this paper will not mean differentiation.

Let ¢ >, < > denote the Gibbs classical or quantum average for the
system confined to 4 and the system in the thermodynamic limit, i.e.,
A =77 respectively.

For classical systems

KFy) = Z/Tl jFX(QX) e~ PVl dq 4, Z,= Je_ﬁU(qA) dq 4

where the integration is performed over R™!.
If Fy is the operator of multiplication by the function Fy(qy) then the
quantum average is given by

(Fxy =Z3"' Tr(Fye™ "), Z,=Tr(e ")

where H'= —(1/2m) Y, _ , 0>+ U(q ,), and 0. is the partial derivative in ¢.
The corner stone of proving an existence of Iro, using generalized
Peierls argument, is the following contour bound

< [1 xix;> <e FI (1.2)
x,x'>el A

where I is a set of nearest neighbours, |I7| is the number of them in it,

1 =X(0,oo)(CIx)s Xx_zx(foo,o)(qx)

X, »y 15 the characteristic function of the open interval (a, b).

The bound (1.2) was earlier derived in refs. 1 and 2 (see Remarks 1
and 2) for several classes of classical ferromagnetic systems or classical
systems with the nearest-neighbour pair interaction (see also refs. 3-5).

If one puts s,=signgq,, then taking into account that xF(7)=
1[1+(—)s,] one obtains

4<X;Xy_>A =1 + <Sx>A7 <Sy>A - <sty>A

Since the systems are invariant under the transformation of changing
signs of the oscillator variables we have

<sty>/1= 1 _4<X:){y_>/l
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Now in order to prove the ferromagnetic long-range order for the spins s,
one has to show that the average in the rhs in the equality is strictly less
than . This can be proved with the aid of the following lemma.®?

Lemma 1.1. If the bound (1.2) holds, d> 1, and e~ ¥ is sufficiently
small then there exist positive numbers a, @’ such that

tday y<de ® (1.3)

So, if one shows that E can be made arbitrary large while increasing
g or B, then the Iro for the above spins will be proved.

In this paper we show that this argument can be used for proving the
ferromagnetic Iro for sufficiently large g (see Remark 8) for the systems, in
which interaction is neither ferromagnetic nor n-n, but essentially ferro-
magnetic for sufficiently large g (see Remark 5).

We establish (1.2) for the simplest polynomial u(q)=#ng*" (see
Remark 7) with the help of the Ruelle superstability bound” and show
that E in (1, 2) is positive and growing for growing g, or more precisely

E=e¢,—2"'In(e'ey) — E,, eo=[g" 2d(yn)~ 1]V =2 (1.4)

where ¢, is the minimum of the external potential u)(q)=7ng ~"¢* —2dq*
which has only two real minima, namely ¢,, —¢,, E, depends on g, f and
is determined from the superstability bound for the correlation functions
and reduced density matrices with rescaled and translated variables. E; is
bounded in g for classical systems and grows slowly for quantum systems
(see Lemma 1.2). Positive constant ¢’ can be found in ref. 14.

The reduced density matrices are expressed via FK (Feynmann—Kac)
formula in terms of correlation functions of a Gibbs Wiener (loop) path
system.

The proposed technique is based on establishing an asymptotic
behaviour in g of three Lebesque and three Wiener integrals (exp{E°},
I,,, I,,) in the classical and quantum cases, respectively. E, and ¢, from the
superstability bound (Theorems 2.1-3.1) for classical correlation functions
and correlation functions of a Gibbs Wiener path system depend on them.
This behavior is governed by the positive functions v, appearing in the
superstability and regularity conditions for the rescaled and translated
potential energy U,(q,+e,) (see (2.4)—(2.5), (3.4)~(3.5)). They have to
converge to a quadratic polynomial in the limit of the infinite g. The
conditions of Theorem 1.1 guarantee this. The most significant fact in the
technique is a convergence of ug(q+e0)—ug(e0) to a positive quadratic
polynomial in the limit of the infinite g.
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This technique is inspired by the technique proposed in ref. 8 for quan-
tum ferromagnetic systems, which by rescaling of the oscillator variables,
call be reduced to the above systems with the pair quadratic infinite-range
interaction (see Remark 6)

U= Y C. (q.—q,)%  ulq)=nq*

x,yeAa

In this paper a complicated version of (1.2) is proposed and Iro is
proven for Gibbs loop path system associated with the quantum system via
FK formula and unit spins which are signs of ail averaged Wiener path.
A small parameter, appearing in the potential energy, determining a depth
of the symmetric wells of the external potential is not associated with the
magnitude of n-n interaction in it.

Our approach stresses the necessity of considering a large-magnitude
n-n interaction which determines the depth of the symmetric wells of the
external potentials u%(q) = ng™" — 2dgq®, ud(q) = u’(q~"?q) (see Remark 4).

Proofs of an existence of an order parameter for ferromagnetic quantum
oscillator systems with n-n interaction, which are based on the reflection
positivity, can be found in refs. 9 and 10 (see also ref. 11). Vanishing of the
order,parameter in the quantum limit (mass is vanishing) is established in
ref. 12.

Other important applications of the superstability bounds in perform-
ing the thermodynamic limit and PS (Pirogov-Sinai) theory for classical
oscillator systems may be found in refs. 13 and 10, respectively.

By | ¥, well denote the L'-norm of the function ¥: Z¢— R.

W' will, also, determine the interacting part of the potential energy U’

Wi(qx;:4x)=U(qx,0x)— Ulqx) — U'lqyx,)

Theorem 1.1. Let the potential energy of the one-component
oscillator classical or quantum system is given by (1.1), u(q) =ng*". Let,
also, U’ be a translation invariant and an even function such that the
condition of superstability and regularity hold for it

l
Ulg)=— Y [Bg,)+B1,  °%q)=> giq%, I<n
j=1

xeAd

|W’(le; qX2)| S% Z ’lx—y|(vo(qx)+vo(qy))a ix| 20

xeX;, yeX,

where for non-negative, U'/;<j, j>1, [;<1, and [;<0 if U is non-
positive; B, B', ¥, are non-negative constants, |¥’|; < co.
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Then there is the ferromagnetic Iro in classical and quantum systems
for the spins s, for sufficiently large g: g>> 1, ie., {(s,s,) >0.

Since s, are scale invariant and their average is not changed after
rescaling of oscillator variables, we can deal with the rescaled by g~1/2
variables and the potential energy U,

Uglqa)= Y. uglq,)+ )3 (.= 4q,)* + U'(g""q4) (1.5)

xeA Ix—yl=1,x,ye4

The correlation functions or reduced density matrices generated by U,
will be denoted by p,.
The main idea of the proof originates from the inequality

< [ Xx/x> <(ee) V2 el ery , (1.6)

Kx,x'>el

where ¢’ is a positive constant, e is a growing function of g, the expectation
value is determined by p, and

Qg, F(qA) = Z Qg(qx’ qy)

Kx,x'>el
1 2 4 2 2 2 2
Ol x> 4y) == (@ = qx)" + 3 (lgx—epl + a2 —eol)
0
Here we used the inequality

X+(qx) (qx) (e 80)1/28760 eXp{Qg(qx9 qy)]} (17)

Theorem 1.1 will be proved if we prove the following lemma.

Lemma 1.2. Let the conditions of Theorem 1.1 be satisfied. Let,
also, ¢, be given by (1.4). Then there exists a function Ey(g) on the interval
[1, o0) such that

(eery Ll (1.8)
For the classical systems E, is a bounded function on the interval

[1, o).
For the quantum systems if

k(g)=(1+e‘\/‘g/7ﬂ)_1(1—e_\/%ﬁ)—2;)egl\/i>0 (1.9)
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then there exists a bounded continuous functions E,(g) on [1, o) such
that

L[, 8m ~2/em g 64 F

Lemmas 1.1, 1.2, ie., (1.3) and (1.10) prove Theorem 1.1 since e,
grows faster than \/é Function E in the lemma is defined by (3.9)—(3.11),
(3.14).

In the second and third sections we’ll give the proof this lemma for
classical and quantum systems, respectively. The third section ends by
remarks which may clarify some details of the proposed approach. Proofs
of Lemma 1.1 and (1.7) are standard and will not be give here (see refs. 6,
2, 8, and 14).

2. LEMMA 1.2 VIA SUPERSTABILITY ARGUMENT.
CLASSICAL SYSTEMS

For classical systems with the rescaled potential energy
CFi>a=2Z5" [ Falqx) %5900 dg = [ Filax) pil(a) dax

pgx)=2Z7" jefﬂug(qA) dq g x- ZA:JefﬂUg(qA) dq ,

By p, and {(Fy) we’ll denote the Gibbs correlation functions and the
Gibbs average in the thermodynamic limit, respectively.

Changing the variables ¢, — ¢, — ey, in the integral in the right-hand-
side of (1.6) and using the translation invariance of the Lebesque measure
we obtain

(eQery = Jpg(%"‘l‘ eo) exp{ Q, r(qr+eo)} dgr

qr=(qx.q,;<{x, yy€erl’) (2.1)
0, . 8
Qg,r(‘Ir+eo)< Z 7(qx+qx')+7(|qx| + |qx’|)]
Kx,x'>el 330 3

qX+60=(qx+€0,X€X)
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The polynomial Q becomes bounded in g if it is translated by e,. As a
result, we have to prove that the correlation functions, translated by ¢, in
the limit of growing g satisfy the usual superstability bound.
It is not difficult to check that if e, is given by (1.4) then
uy(q) =2dn"'[eg ™" 2q*" —nq’]

From this we immediately see that

n—1

ud(g+eo) = pelg) +bg* =, b=2dn"'2n(n—1)—n), b'=2d

e
n

where p, is a bounded below polynomial in e; ' and ¢ (the linear term

proportional to e, is absent in it)

L2 s (2n—s)! B
Pg(CI)szn ! Z quef, )

s=3

Now we have to establish the accurate superstability and regularity
conditions for the translated by e, potential energy.
The superstability bound is given by

Ug(qX+eo)> Z ﬁg(qx)_|X| Bg’ Bg:b,-"_B, (22)

xeX

where
ii(q) = (uq+eo) +b)—Bvdq),  v2q)=v"%g "q)
For a non-negative U’
dy(q) = ug(q +eo) +b'

Let’s put

U*g(qX) = Ug(qX+eO) - z u*g(qx) + |X| Bg

xed

Upg =T, — Ve, V(@) =q"+1y(q) (2.3)
B, diverges if g tends to infinity since b" diverges. We can add [4] B, to the
potential energy since the expression for the correlation functions is not

changed after this.
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Then the following superstability condition holds

Useldx) = ), v5(qs) (2.4)

xeX

The regularity condition, also, holds
| Weldxs qu)l = |U*g(qX1uX2) — U, olgx,) — U*g(qX2)|

<% Z Yllx—yl[vg(qx)-i_vg(qy)]’ leXZZg

xeX;,yeX, (25)

where ¥\, =261+ ¥y-
Applying | X| — 1 times the regularity condition the following important
condition is also derived

Ueld) < X Uglae),  T@)=Uy @) + P11 vglq)  (26)

xeX

From the definition of the functions determining l7g, taking into
account that U,(q) = ug(q), we derive

Uq)=B +(1+[¥])¢*+(1+B+[¥],) vAq)

Let’s put
P4 (q.) =exp {ﬁ D u*g<qx>}pg<qﬁeo>
xeA

Then p7, are expressed in terms of U, , after adding to U, the large
in g terms independent of oscillator variables

pig(qX):Z;L e PUslaiy + (A9 1\ %), Zea=|e ~hUa0y «(dq 4)
(2.7)
where
addi) =exp | =B T tayla) | diy
xeY

As a result of the superstability and regularity conditions for U, , the
following theorem is true.(”)



LRO in Lattice Systems 861

Theorem 2.1. Let the condition (2.4)-(2.5) hold for a positive
polynomial v, and the function u, , be such that the measure u,, is finite.
Then for arbitrary 0 <3e <1, r> 0 for the correlation functions defined by
(2.7) the following (superstability) bound is valid

pdan <exp | = T L0-30) g =Ll )1} C3)
xeX
where ¢ is a positive continuous monotonous growing at infinity function,

=PI Lo = [ exp{ =BTy +u(g)1} dg

lgl<r
1= [exp{ —L(1 = 3¢) v,(q) + u(q)1} dg

We formulated the Ruelle result in such an extended form in order to
trace the dependence in g in all the terms.
The function ¢, is given by the formula

colz, ) =In(1 + &z + f(z2)), flz)y= ) e A+IV T,

s=P>1

where V,=(2(14+a)*+1)? and &, « are positive constant, i is a positive
function such that

Yi+1) _1+1
Wiy S

1
LX) ¥y < oo, HY’HI[(1+3O<)2‘”2—1]<Z

(2.1) and Theorem 2.1 yields

ey <elllf,  E,=E°+ey(g), eug)=2cl,, .1.,)

U tu

0 (2.9)
E°=2lnjexp{—ﬁ(l—3s <(q) ﬁu*g(q)+7q+ |Q|}

As a result, (1.2) holds with E given by (1.4). From the conditions of
the Theorem 1.1 it follows that E° and c,, exist in the limit of vanishing g —".
Here we have to rely on the following significant equalities

lilm (ug(q +e)+b')=bg? lilm v(q) = kq?, b=4d
-0

g~ -0 g~
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where k=1 or k=2. From the inequalities (|¢| <r)
U q)<B +(1+[¥],) 2+ (1+ B+ ?],) o2r) (2.10)
Uy (@) Silg(q) +04(q) < py(r) + br* + v, (r) + Bo(r) (2.11)
it follows that
(I&igrl <r—lefri® (2.12)
Pe (N =pgr)+B + 2+ [PI) r*+2+B+|¥],) ve(r) (2.13)
Polynomial p,(r) is uniformly bounded in g

py(N<pUr)+ B + 2+ ¥ r*+2+B+|¥l) v%r)=pr)

2n ] o ]
) =2dn " Y s!(2n s).rs

|
s=3 n:

(2.14)

So, e,(g) is a bounded function.
Classical part of Lemma (1.2) is proved. Application of Lemma 1.1
completes the proof of Theorem 1.1 for classical systems.

3. LEMMA 1.2 VIA SUPERSTABILITY BOUND.
QUANTUM SYSTEMS

The proof of the quantum part of Theorem 1.1 goes along the lines of
the previous section. Its starting point is an application of the FK formula
for the kernel of the Gibbs semigroup e ##" and expressing the Gibbs
averages together with RDMs (reduced density matrices) in terms of a
Gibbs measure P,, defined on oscillator loop paths, and path correlation
functions. From translation invariance of P, the analogue of (2.1) is true
and the superstability bound is established for the rescaled by g ~'/2, trans-
lated by e, path correlation functions (Theorem 3.1). It has the same struc-
ture as in Theorem 2.1 with ¢, depending on two Wiener integrals (/,, 1)
and v, depending on a Wiener path. So, the proof the quantum part of
Theorem 1.1 is reduced to obtaining uniform in g bounds for the integrals.
We do this with the help of the Golden-Thompson inequality, Schwartz
inequality and an explicit expression for the transition probability density
of the Ornstein—Uhlenbeck process.

For quantum rescaled systems the Gibbs average of the operator Fy
of multiplication by the function Fy(gy) is determined by the RDMs

Peax gy
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A A
{Fx)a :ZII Tr(Fye PHx)

=z, JFX(qX) e_ﬂH”/'l(QAQ q.4) dq 4
= [ Falax) pax | 420 dax (31)

Piax 1 4x) = (VO™ [ pMwy) PE , (dwy), p(cy)

dy> 49y
=73 [em P (do py) (32)

where w = (q, ) eR*=RxQ, Q is the probability space of Wiener paths
(weQ), P, ,(dw)is the Wiener (condltlonal) measure concentrated on paths,
starting from ¢ and arriving in ¢’ at the time ¢, Py(dw) f qugﬁ (dw),

gp B
U =g [ 7 Uwatn)) di =] Uylows(g1)) dr

In deriving the formulas we applied the Feynmann-Kac formula to

the kernel e 7' /g~ ' qy: /g ' qy) of the operator ¢ ##" and the
relation

| Pt gyt ) FO(21),s w(1,))

fjpg' dw) (S T w(gt;))o 2 w(gt,)) (3.3)

which follows from

2
exp{10*} (/g ' ¢: /g7 ¢') = (4n1) "1 exp{—'qql}

4tg
g exp{1g0®}(¢; q')
The rescaled Hamiltonian is given by

1
Hl=g < 3 Y 2+ g‘lUg(qA)>

xed
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In order to prove Lemma 1.2 one has to estimate p;‘(qX+ ey | gx+ep)
From the translation invariance of the conditional Wiener measure
and the measure P, it follows that

Pidx+eo | dx+e)) = (/)X [ pillwx+eo) PE, (diy)

dy>49x
plwx+e))=2Z7" je’ {24 P (dw g ), Z, = Je’ {@ate) P (dw ,)

where @ + ey =w(t) + ey, w(0)=gq, te[0, f].
As a result

Ce%ry = (/g) ™ [etertart ) p(o + eq) dg pPE, ()

It is evident that Lemma 1.2 can be proved now with the help of the
analogue of the superstability bound for p;,‘(co 1+ ey) which was proved by
Park.(!®

In order to prove the analogue of Theorem 2.1 one has to derive the
superstability and regularity conditions for U, (w,) = U,(®w,+ey). But
now it is easy since in the previous section we established them for
Ug( q4 + eO)‘ -

So, let by u, (), v,(w), Ul w) be denoted the corresponding func-
tions, depending on w(gt), being integrated by dt on the interval [0, f] and

B
Upslo)= | Uy walgn) dr

where U, (w,(gt)) is defined by (2.3) (instead of ww may be written).
Then

Udoy) = ), vlo,) (34)
xeX
IWiel@xs 0x)| = Uy o 0x, 0 x,) = Uy ol @x) = Uy o4,

g% Z yI|x—y||:vg(a)x)—i_l]g(a)y)]’ leXZZQ

xeX;,yeX, (35)

xeX
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Let’s put
Pt o) =exp {EA““( )}pg(wA+eo)
Hence
Pheloy) =23k [emVu@IP (doy),  Z. 4= e VoI (doo,)

(3.6)

where where

Puoldoy) =exp { = . 11y (0,)| Poldoy)

xeY

As a result of (3.3)—(3.5) the following theorem is true.

Theorem 3.1. Let the condition (3.4)—(3.5) hold for a positive
polynomial v,(g) and the functional u,, be such that the measure P, is
finite. Then for arbitrary 0 <3e<1, r>0 for the correlation functions
defined by (3.6) the following (superstability) bound is valid

p:g<wx><exp{— Y [(1=38) v —co(I3 . L, ))]} (3.7)

xeX

where is a positive continuous monotonous growing at infinity function,

— e~ 12B1¥Ih 7, D=
I ,=e 1PPI¥Ioe ] U, ,=€ss sup v(w)

ru
wek

Tou,= | {10, +t, )]} Pyfdo)

[u*gzjexp{ —[(1=3¢) v (@) + ty (@)} Po(de)

where Q¥ = {weQ* : |w(1)| <r}.
The proof of this theorem my be given without difficulty following the
proof of Theorem 2.1.
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Proof of Lemma 2.1. Theorem 3.1 yields the following equalities

(eOury el B Ey=E°+e,(g), e,(8) =2¢o(I 7} . 1,.) (38)

r, u ’ u

=2 1n\/g7fexp {—ﬁ[(l —32) v () — 11y o(W)]

o 073 lal | P () dy
e,(g) is a bounded in g since ﬁg(w), U, o(w) are polynomial functionals and
the function ¢ is continuous.

For E° the following bound is valid after adding to the argument of
the exponent 4(w 2(B) — Wy 2(B)) and applying the Schwartz inequality (for
the measure f dqP%’ dw))

B < gll,

20 16 1
1= [exp {5 a7+ 5 lal =3 w2D) | P dy
0

1
Iozjexp{ —2BL(1=38) 1,(00) + 10, ()] + 5 W)} P (dw) dg
where w2(f) = [§ w(gt) dt.
From the FK formula it follows that I, is the trace of the kernel of
the exponent of a perturbed generator of the Wiener process. So, the
Golden—-Thompson inequality Tr(e?* ) < Tr(e’e?®) yields

gly</gm (2nf) "> jexp {_25 {(1 —3e) v,(q) + ty o(q) +ﬂ } dq
o I (3.9)

Here we took into account that

exp{ 1%} (¢: ¢') = (4nt) "2 exp { _qﬁ'}

I, is finite since b >4d.
For I° after the rescaling ¢ = (m~'g)
of multiplication by ¢?)

/4 5 we have (¢? is the operator

g\ 1
"= <m> [exp {—gﬁ( —(2m)~' +292)} ((m~'g)"*q, (m~'g)"* q)
g

xexp{371(20e; " /m g ¢*+8(m~'g) " |q|)} d
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From (3.3) it follows that
g\ 1
<> exp { gp ( —5 -0+ g“)} (m~1g)"* g, (m~'g)"* ¢')
m 2g

_2—lmﬁexp{_/§§(—az+qﬂ—l)}(q, q')

2

2
ol 48]

xexp{—\/iﬁ(—;52+¢?a>}(% q')

2 12
= /! (1 _e—Z\/g/mﬂ)—l/Z exp {_q+q_(l _e—2\/g/mﬁ)—1
2 2

X (g —e VEmbg)> 21 ﬁﬂ}
m

Here we used the relation
N0+ =) =em TP =307+ 40] T

and the well-known formula for the density of the transition probability for
the Ornstein—Uhlenbeck process. Hence

\/7 —VEmB(] — =2 ampy—112

e s (3]

xexp{ — (1 +e VEmB) =1 (1 —e=VEmp) g2\ dy
As a result
1°=(1—e—zﬁﬂ)—l/zk(g)—l/Zexp{694k(g)—1/i}e—l/z%?mﬂ (3.10)
e < Jmg e—VEM B2—64P K| _ p=2/e/m B =12 [ g)—1/2 Iy (3.11)

where k(g) is given by (1.9).
Applying the Golden—-Thompson inequality we obtain

I, </mly (3.12)
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Repeating (2.10)—(2.11), using the equality

Jg jpg/f dw)=/2nf)~

we derive, also, the analogue of (2.12) for the quantum case

Il ) 7' </ 2npm=" r=ler" @ (3.13)

As a result.
Combining all these bounds we see that e,(g) is bounded and (1.10)
holds with

Eg)=Inl; +e,lg) (3.14)

Lemma 1.2 is proved. Theorem 1.1 is proved with an aid of Lemma 1.1
and (1.7).

Remarks. 1. If one cancells the boundary term g3 _,, ¢> then
(1.1) is reduced to

Ugq)= ) ulqg,)—g Y 4.9, + U'(q,)

xeA |x—yl=1,x,ye4

where 0X is the boundary of X. If U’ >0 then the systems considered in
ref. 1 can be recovered.

Surprisingly the proposed technique does not respect this boundary
term since it creates an obstruction for obtaining the bound from above
(2,6) for the rescaled and translated potential energy which guarantees
uniform boundedness in g of / &;ig-

2. If one cancells the boundary term > __,,u(q,,q,) then (1.1) is
equal to

Ulgy) = Y u(q,. q,)+ U'(qyx) ulq., q,)

x, yeX, |x—y|l=1
=(4d) " (u(q,) +u(q,)) — 89,49,

If U’ is expressed in the same form as the first term in the rhs of the
last equality then systems which are dealt with in ref. 2 can be recovered.
Theorem (1.1) can be proved for such the potential energy taking into
account in a special way a contribution of the boundary term to the super-
stability, regularity conditions and (2.6) for the rescaled and translated
potential energy (see ref. 14).
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3. Theorem 1.1 proves an existence of a phase transition for the case
U’ is expressed through a pair (special) potential, since it is known that in
this case in the high-temperature phase there is an exponential decrease of
correlations."'® Assumptions on this potential is stronger than the super-
stability anti regularity conditions.

4. The magnitude of n-n interaction plays an exceptional role in the
proposed approach since vanishing of it automatically implies vanishing of
the spin two-point function for n-n sites. This means that £ in (1.2) has to
depend on the magnitude of n-n interaction, tending to zero together with
it. So, one ought, always, to rescale by the magnitude (in an appropriate
power) all the variables, when starting to derive the Peierls type contour
bound using (1.7) with e, depending on it.

5. Essentially ferromagnetic interaction may be characterized by the
property that the ferromagnetic configuration, consisting of the coordinate
¢, (minimum of a one-particle potential) at each lattice site, is more
favorable for sufficiently large g than the associated antiferromagnetic
(staggered) configuration, consisting of the coordinate ¢, at the even sub-
lattice and -e,, at the odd sublattice, i.e., the potential energy on the former
configuration is less than on the latter. This property follows from the
superstability condition for the rescaled U, in the formulation of
Theorem 1.1 and the fact that the growth in g of g ~%¢2*, s <n, is more slow
than eZ. In other words, the ferromagnetic n-n part of the potential energy
suppresses antiferromagnetic ground states for sufficiently large g.

6. 1If one puts

U,(qA): Z foy(QX_qy)zﬂ |Cx7y| <(j?xfyp ”COH1<OO
x, yed
where || C°||; does not depend on g then the conditions of Theorem 1.1 are
satisfied.

7. The proof of Theorem 1.1 for classical systems with more general
polynomial potentials u can be found in ref. 14. Generalization of this result
to quantum systems is straightforward.

8. The given expression for ¢, in Theorems 2.1-3.1 allows to find a
dependence of g on f such that Iro occurs for sufficiently low temperature.
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